ABSTRACT. We present an example of a natural class of atomic Archimedean sharply dominating lattice effect algebras with non-bifull and atomic centers. Further, we extend and clarify known results about MacNeille completion of centers and centers of MacNeille completions of lattice effect algebras.
Introduction
In [16] Paseka and Riečanová published as open problem whether the center C(E) is a bifull sublattice of an Archimedean atomic lattice effect algebra E. This question was answered by Kalina in [9] who proved that C(E) need not be a bifull sublattice of E even if C(E) is atomic. Moreover, in a subsequent paper [10] by Kalina MacNeille completion of centers and centers of MacNeille completions of lattice effect algebras are studied.
In Section 2, we present an example of a natural class of atomic Archimedean sharply dominating lattice effect algebras with non-bifull and atomic centers. In Section 3 we extend and clarify the results formulated in [10] .
Preliminaries and basic facts
Effect algebras were introduced by Foulis and Bennett (see [3] ) for modelling unsharp measurements in a Hilbert space. In this case the set E(H) of effects is the set of all self-adjoint operators A on a Hilbert space H between the null operator 0 and the identity operator 1 endowed with the partial operation + defined iff A + B is in E(H), where + is the usual operator sum.
In general, an effect algebra is a partial algebra with one partial binary operation ⊕ and two nullary operations 0, 1 satisfying the following axioms due to Foulis and Bennett.
Ò Ø ÓÒ 1.1º ([21] ) A partial algebra (E; ⊕, 0, 1) is called an effect algebra if 0, 1 are two distinct elements and ⊕ is a partial binary operation on E which satisfy the following conditions for any x, y, z ∈ E:
(E ii) (x ⊕ y) ⊕ z = x ⊕ (y ⊕ z) if one side is defined, (E iii) for every x ∈ E there exists a unique y ∈ E such that x ⊕ y = 1 (we put x = y),
We often denote the effect algebra (E; ⊕, 0, 1) briefly by E. On every effect algebra E a partial order ≤ and a partial binary operation can be introduced as follows:
x ≤ y and y x = z iff x ⊕ z is defined and x ⊕ z = y .
If E with the defined partial order is a lattice (a complete lattice) then (E; ⊕, 0, 1) is called a lattice effect algebra (a complete lattice effect algebra).
Ò Ø ÓÒ 1.2º Let E be an effect algebra. Then Q ⊆ E is called a sub-effect algebra of E if (i) 1 ∈ Q (ii) if out of elements x, y, z ∈ E with x ⊕ y = z two are in Q, then x, y, z ∈ Q.
If E is a lattice effect algebra and Q is a sub-lattice and a sub-effect algebra of E, then Q is called a sub-lattice effect algebra of E.
Note that a sub-effect algebra Q (sub-lattice effect algebra Q) of an effect algebra E (of a lattice effect algebra E) with inherited operation ⊕ is an effect algebra (lattice effect algebra) in its own right.
For an element x of an effect algebra E we write ord(x) = ∞ if nx = x ⊕ x ⊕ · · · ⊕ x (n-times) exists for every positive integer n and we write ord(x) = n x if n x is the greatest positive integer such that n x x exists in E. An effect algebra E is Archimedean if ord(x) < ∞ for all x ∈ E.
A minimal nonzero element of an effect algebra E is called an atom, and E is called atomic if there is an atom below every nonzero element of E.
For a poset P and its subposet Q ⊆ P we denote, for all X ⊆ Q, by Q X the join of the subset X in the poset Q whenever it exists. Further, Q ⊆ P is densely embedded in P if for every element x ∈ P there exist S, T ⊆ Q such that x = P S = P T . We can use S := ↓ P x ∩ Q and T := ↑ P x ∩ Q, where
A sub-effect algebra Q of an effect algebra E is a bifull sub-effect algebra of E (see [16] ) iff for any X ⊆ Q,
We say that a finite system F = (x k ) n k=1 of not necessarily different elements of an effect algebra (E;
x k is defined and
is finite} whenever the supremum exists. We say that G is the orthogonal sum of G. An element u ∈ E is called finite if either u = 0 or there is a finite sequence {a 1 , a 2 , . . . , a n } of not necessarily different atoms of E such that u = a 1 ⊕ a 2 ⊕ · · · ⊕ a n . Note that any atom of E is evidently finite. An element v ∈ E is called cofinite if v ∈ E is finite.
Elements x and y of a lattice effect algebra E are called compatible (x ↔ y for short) if x ∨ y = x ⊕ (y (x ∧ y)) (see [11, 19] ).
Remarkable sub-lattice effect algebras of a lattice effect algebra E are (1) A block M of E, which is any maximal subset of pairwise compatible elements of E (in fact M is a maximal sub-M V -algebra of E, see [19] ).
(2) The set S(E) = {x ∈ E | x ∧ x = 0} of sharp elements of E (see [5] , [6] ), which is an orthomodular lattice (see [7] ).
is a Boolean algebra (see [4] ). In every lattice effect algebra it holds that C(E) = B(E) ∩ S(E) = S(B(E)) (see [17] and [18] ).
All these sub-lattice effect algebras of a lattice effect algebra E are in fact full sub-lattice effect algebras of E. This means that they are closed with respect to all suprema and infima existing in E of their subsets [7, 20] .
The M V -effect algebras E are precisely lattice effect algebras with a unique block (i.e., E = B(E)).
For an element x of an effect algebra E we denote
if it exists and belongs to S(E)
if it exists and belongs to S(E).
An effect algebra (E, ⊕, 0, 1) is called sharply dominating (see [5] , [6] ) if for every x ∈ E there exists x defined as above.
By definition, x is the smallest sharp element such that x ≤ x. That is x ∈ S(E) and if y ∈ S(E) satisfies x ≤ y then x ≤ y.
The following statements are well known.
ËØ Ø Ñ ÒØ 1.3º Let E be a lattice effect algebra. Then (
ËØ Ø Ñ ÒØ 1.5º ([13: Corollary 2.9]) Let E be an Archimedean lattice effect algebra and a 1 , . . . , a n mutually compatible different atoms from 
Example of a natural class of atomic Archimedean sharply dominating lattice effect algebras with non-bifull centers
E 1 = {x ∈ E | x is finite or x is finite}. Then (i) E 1 is a sub-lattice effect algebra of E.
Moreover, if E is Archimedean and the interval ↓ x is a complete lattice for all x ∈ E finite then
(ii) For every finite x ∈ E, there exist a smallest sharp element x over x and a greatest sharp element x below x.
(i): Clearly, 1 ∈ E 1 because of 0 being finite. Assume that out of elements x, y, z ∈ E with x ⊕ y = z two are in E 1 . If z is finite then clearly both x and y are finite. If x and y are finite (cofinite) then z is finite (cofinite). If x is finite and z is cofinite then x ⊕ y ⊕ z = 1. Hence x ⊕ z is finite and y = 1 (x ⊕ z ) is cofinite. If x is cofinite and z is cofinite then x ⊕ z is cofinite and y = 1 (x ⊕ z ) is finite. The remaining cases follow by symmetry. Further for any finite x, y ∈ E 1 we have that x ∨ y is finite and hence in E 1 and for any cofinite x and any y ∈ E 1 we have that x ∨ y is cofinite and therefore in E 1 . The rest follows by de Morgan laws.
n a i a i is the smallest sharp element x over x. Since x ∈ E 1 is finite we have that the interval ↓ x is a complete lattice effect algebra, hence it is sharply dominating. Namely S(E) is a full sub-lattice effect algebra of E and this yields, for any y ∈ ↓ x, that, denoting by
Y . It follows that there exists a greatest sharp element x below x in ↓ x and so in E and E 1 as well.
the smallest sharp element over x . Hence w is the greatest sharp element below x both in E and E 1 .
Ä ÑÑ 2.2º Let E be an atomic Archimedean lattice effect algebra such that
P r o o f. We have by Statement 1.4, (ii) and (v) that x ∈ B(E 1 ) iff x ∈ E 1 is compatible with all atoms of E 1 iff x ∈ E 1 is compatible with all atoms of E iff
ÓÖÓÐÐ ÖÝ 2.3º Let E be an atomic Archimedean lattice effect algebra such that the set Fin(E) of all finite elements of E is a lattice ideal of E. Then
Ì ÓÖ Ñ 2.4º Let M be a complete atomic infinite MV-effect algebra and let E be a complete irreducible atomic lattice effect algebra such that
(ii) The set Fin(E) of all finite elements of E is a lattice ideal of E.
Then (M × E) 1 is an atomic Archimedean sharply dominating sub-lattice effect algebra densely embedded in
Hence z 1 is finite in M and z 2 is finite in E. Therefore, by Theorem 2.1 (M ×E) 1 is an atomic Archimedean sharply dominating sub-lattice effect algebra of M × E. Since atoms and coatoms (more precisely finite and cofinite elements) of (M × E) 1 
Secondly, let us give an explicit description of the center C ((M × E) 1 ). We have 
is finite. Then the interval ↓d is a complete lattice containing D such that joins of elements from ↓d in ↓d coincide with joins in M × E. Now, assume that d is cofinite and there is an upper bound
Since x is an infimum of cofinite elements over x there is a cofinite element
Hence f is an upper bound of D and also P r o o f. Assume that E is orthomodular. Then S(E) = E and therefore also S(2
Recall that in any modular Archimedean lattice effect algebra E the set Fin(E) of all finite elements of E is a lattice ideal of E (see [14: Theorem 1]). But the set Fin(E) of finite elements of the horizontal sum E of two copies of an infinite complete atomic Boolean algebra B is not closed under join hence it is not a lattice ideal (see [14: Example 1]).
ÈÖÓÔÓ× Ø ÓÒ 2.6º Let H be an infinitely dimensional Hilbert space. Then the complete lattice P (H) of all projections on H is an atomic irreducible orthomodular lattice such that (i) 1 P (H) = id H is not finite, (ii) The set Fin(P (H)) of all finite elements of P (H) is a lattice ideal of P (H).
P r o o f. Clearly, by [8] we have that P (H) is an atomic irreducible orthomodular lattice. Note that projections on H correspond to closed subspaces of H and finite elements of P (H) correspond to finitely dimesional subspaces of H. Since H is infinitely dimensional we have that 1 P (H) = id H is not finite. Evidently, finitely dimesional subspaces form a lattice ideal of a complete lattice of all closed subspaces of H. A state ω on an effect algebra E is faithful if
Ì ÓÖ Ñ 2.7º Let M be a complete atomic infinite MV-effect algebra and let

H be an infinitely dimensional Hilbert space. Then the center of the atomic Archimedean sharply dominating lattice effect algebra (M × P (H)) 1 is not bifull.
A state ω on a lattice effect algebra E is called σ-additive if for any countable orthogonal system (x κ ) κ∈H of not necessarily different elements of E such that {x κ | κ ∈ H} exists, Note also that for a separable infinitely dimensional Hilbert space H, there is a total orthonormal set {e n | n ∈ N} such that
The first relation is called the Fourier expansion of the vector x ∈ H, the other is the Parseval identity (see [1] ). Following [25] , to any such e n , we associate the mapping p e n :
for all S ∈ P (H). Then p e n is a σ-additive state on P (H). Let β = (β n ) n∈N be a sequence of positive real numbers such that 1 = n∈N β n . Then by the above remark p β = n∈N β n p e n is a σ-additive state on P (H). Moreover, it is faithful since for any non-zero S ∈ P (H) there is a non-zero vector x ∈ H such that S(x) = x and x = 1. Hence the corresponding projection S x on a one-dimensional subspace generated by x is under S. We then have p β (S x ) = 0 implies n∈N β n p e n (S x ) = 0. Therefore p e n (S x ) = (S x (e n ), e n ) = 0 for all
Similarly, for any Archimedean atomic MV-effect algebra M with countably many atoms a k , k ∈ N there is by [16: Theorem 5.5, Theorem 5. As in [9] we have:
Ì ÓÖ Ñ 2.10º Let M be a complete atomic MV-effect algebra with countably many atoms and let H be a separable infinitely dimensional Hilbert space. Then there exists a faithful σ-additive state µ 1 on (M × P (H)) 1 whose restriction onto
P r o o f. Let α = (α k ) k∈N and β = (β n ) n∈N be two sequences of positive real numbers such that
k ∈ N be the atoms of M and let {e n | n ∈ N} be a total orthonormal set of H. Then as above we have a faithful σ-additive state ω α on M and a faithful σ-additive state p β on P (H). Therefore µ : 1 . Namely, if there exists a countable orthogonal sum of elements of (M × P (H)) 1 in (M × P (H)) 1 then it coincides with the corresponding orthogonal sum in M × P (H) by Theorem 2.4. Clearly, the restriction µ
This yields that µ C 1 is not a σ-additive state.
MacNeille completion of centers and centers of MacNeille completions of lattice effect algebras
In certain situations there exists a unique naturally arisen embedding of structure A into structure B. Such embedding is called canonical.
LATTICE EFFECT ALGEBRAS: CENTERS AND COMPLETIONS
Ò Ø ÓÒ 3.1º Let ρ 1 : A → R 1 and ρ 2 : A → R 2 be canonical embeddings of A into R 1 and R 2 respectively. We say that R 1 and R 2 are isomorphic over A and write
Roughly speaking, the isomorphism is identity on the elements of A. We have the following obvious Ä ÑÑ 3.2º The relation ∼ = A is reflexive, symmetric and transitive.
Recall that
where P is a poset. Further, a MacNeille completion MC(P ) of poset P is (up to isomorphism) the set of all ordered pairs (Y, Z) such that Y ⊆ P , Z ⊆ P and U P (Y ) = Z, L P (Z) = Y ordered by inclusion of the first coordinate, that is by dual inclusion of the second one.
It is usual to denote
Clearly, ↓ P y = ↓ P ({y}) = L P ({y}) and ↑ P y = ↑ P ({y}) = U P ({y}). We further denote P y := (↓ P y, ↑ P y). Obviously, P : P → MC(P ) and its restriction to an arbitrary A ⊆ P P : A → MC(P ) are order-preserving embeddings. It is not necessary to use different notation for restrictions. We define
Two equivalent semicanonical embeddings of MC(A) into MC(P ) exist, namely 
is a canonical embedding of A into R 2 . We write
The following general lemma:
Ä ÑÑ 3.4º ([24] ) Let A be a subset of an poset P . The following conditions are equivalent.
(ii) P is a complete lattice and A is dense in it.
can be rewritten for centers and MacNeille completions as follows. We denote the canonical image of C(E) in MC(E) by C(E)
• := E (C(E)) for convenience.
Ä ÑÑ 3.5º Let E be a lattice effect algebra such that MC(E) is an effect algebra. Then the following conditions are equivalent.
P r o o f. Infima and suprema in C(MC(E)) and in MC(E) coincide, see Statement 1.3, (i) and (ii).
MC(C(E)) by Lemma 3.4.
C(MC(E)).
(i) ⇐⇒ (iii): Obvious.
Ì ÓÖ Ñ 3.6º Let E be a lattice effect algebra such that MC(E) is an effect algebra and
P r o o f. Since C(E) inherits all suprema existing in E, see again Statement 1.3, (i) and (ii), there is a subset A ⊆ C(E) which has a supremum in C(E) but not in E. Denote s :=
C(E)
A. Since s is not the least upper bound of A in E which is a lattice, there exists an upper bound z of A i.e., z ∈ U(A) such that z < s.
Hence C(E)
• is not dense in C(MC(E)). By Lemma 3.5,
Ì ÓÖ Ñ 3.7º Let E be an irreducible complete atomic lattice effect algebra in which Fin(E) is a lattice ideal and 1 / ∈ Fin(E). Further, let M be a complete atomic infinite MV-algebra and let Y be an infinite set. Then
(1) It follows by Theorem 2.5 and Theorem 3.6.
(2) It is an instance of (1).
Ì ÓÖ Ñ 3.8º Let E be an irreducible complete atomic lattice effect algebra in which Fin(E) is a lattice ideal and 1 / ∈ Fin(E). Then
Reasonings in the proofs of Theorems 3.7 and 3.8 are considerably different. Let us denote E the corresponding atomic Archimedean lattice effect algebra from Theorems 3.7 and 3.8 such that MC(C(E) ∼ = C(MC(E). There exists the smallest complete sublattice G in MC(E) containing C(E)
• because the intersection of any set of complete sublattices is a complete sublattice again. Obviously,
C(E)
• ⊆ MC • (C(E)) ⊆ G ⊆ C(MC(E)).
In the proof of Theorem 3.7, MC • (C(E)) = G, whereas in the proof of Theorem 3.8, MC
• (C(E)) = G = C(MC(E)). The proofs are analogous to the proofs of preceding Theorems. Note only that concerning (2) the atomicity of C(E 1 ) and hence of C((E × E ) 1 ) follows from the fact that under any non-zero element c of C(E 1 ) there is a non-zero finite element f = n j=1 n a j a j of C(E 1 ), a j atoms of E 1 with n minimal. Namely,
Assume that there is an element h ∈ C(E 1 ), 0 < h < f. Since h ∈ S(E 1 ) by Statement 1.3, (i) and (iii) we have
where J = {j ∈ {1, . . . , n} | h ∧ n a j a j = 0}. From h < f we immediately obtain that J = {1, . . . , n}, a contradiction with n being minimal. Hence f is the required atom from C(E 1 ) below c. Since any non-zero element z of C (E×E ) 1 is either of a form z = (1, 0) or z = (d, c), d ∈ C(E) and c ∈ C(E 1 ), c = 0, the required atom below z is either of the form (1, 0) or (0, f), f as above.
